The expansion of a three-dimensional toroidal magnetohydrostatic equilibrium around its magnetic axis is reconsidered. Equilibrium and stability plasma-/? estimates are obtained in connection with a discussion of stagnation points occurring in the third-order flux surfaces. The stability criteria entering the /^-estimates are: (i) a necessary criterion for localized disturbances, (ii) a new sufficient criterion for configurations without longitudinal current. Hamada coordinates are used to evaluate these criteria.
I. Introduction
The equilibrium and stability of toroidal threedimensional magnetohydrostatic configurations have already been treated several times [1] [2] [3] [4] . The common basis of these investigations is the expansion of the equilibrium with respect to the distance from the magnetic axis; results are obtained from the third order of this expansion. Although this method has not only been developed generally but has also led to explicit results for specific configurations, it was found necessary for several reasons to reconsider this problem. The results in the literature suffer from special and ad hoc choices for the thirdorder coefficients occurring in the description of the geometry of flux surfaces. These third-order coefficients determine the existence and position of stagnation points, which in turn determine the aspect ratio of the plasma column. Therefore, a complete discussion of the stagnation points occurring in the third-order flux surfaces, which is also missing in the literature, is essential in order to obtain estimates for limiting equilibrium and stability ß values. In addition, most of the final results are obtained for a small ellipticity parameter of the flux surfaces. This minor deficiency of the published results, which impedes their applicability to actual configurations, can also be eliminated.
In the course of the work it was found that it was essential to redevelop the theory self-sufficiently. This made it possible to check the algebraically tedious calculations step by step with the help of the Reduce 5 algebraic programming system. By this procedure we obtained a complete set of general formulae. In Sec. II we introduce the notation and obtain a general expression for the magnetic well, which is the most complicated quantity occurring in the stability criteria; in Sec. Ill we list the relevant equilibrium formulae; Sec. IV contains the stability criteria used; in Sec. V we discuss the stagnation points occurring in the third-order flux surfaces and their relation to the ß estimates obtained from the stability criteria.
II. Notation, Description of Magnetic Surfaces, and Formal Expression for the Magnetic Well
Let the magnetic axis be described by its curvature y. and its torsion r. If I describes the arc length along the magnetic axis and Q, cp are polar coordinates in a plane perpendicular to the magnetic axis, cp being counted from the normal of the magnetic axis in such a way that cp, /} is a right-handed coordinate system, then its metric is given by di 2 = do 2 
where r is defined to be positive for a magnetic axis whose moving trihedral turns counterclockwise. where F is the cross-sectional area of the magnetic surfaces normal to the magnetic axis, so that
We choose the following third-order representation for the area F
with u = cp + a ,
where L is the length of the magnetic axis.
Then, e is the half-axis ratio of the elliptical (in second order) plasma cross-section. For e < 1 (> 1), a is the angle between the (bi-) normal of the magnetic axis and the major half-axis, and a is counted in such a way that it increases for cross-sections rotating counterclockwise with increasing arc length. Since the elliptical cross-section has to make n/2 (n integer) full turns over the length of the magnetic axis, A(L) -a(0) = TITI. The non-dimensional third-order quantities <5 and A describe symmetric and antisymmetric triangular deformations of the surface, where the symmetry holds with respect to u = 0. The quantities S and 5 describe shifts of the magnetic surfaces with respect to the magnetic axis in the directions normal and binormal to the magnetic axis, S and s being positive for shifts antiparallel to the normal and the binormal respectively. We now express the quantity &[& characterizing the magnetic well on the magnetic axis (where the dot represents the derivative with respect to the volume V) in terms of the quantities introduced above. Because of Eqs. (3) a simple calculation leads to
Anticipating a simple result of the equilibrium calculation (Sec. Ill), c x = 2 y. c0 cos cp, one obtains
Here, apart from Co, the three third-order coefficients (5, A and S occur. Since the equilibrium equations connect <5, A, S, and s, Eq. (6) does not describe <&l& in terms of prescribable parameters.
III. Equilibrium Calculation
The equilibrium equations V-B = 0, j x B = Vp , j = VxB are solved in the following way. The divergence equation {VgB'),9+{VjB*),r+{VgB l ),l = o (7a) and the two components of the momentum balance
where
are supplemented by the condition for magnetic surfaces, BeV,g + BvV" + ffV,t = 0. 
[where a (L) -a (0) -rut and f r dl = 2 JI m, where frt = frn + fri3 » m is the number of full turns of the normal over the length of the magnetic axis], and in terms of necessary for the evaluation of the magnetic well may be expressed in terms of fri and relations connecting the third-order coefficients, 3, A, S, and s. frit = ^lls (I) si n u + 611c (0 cos u » frt3 = fri3s sin 3 u + 613c cos 3 u , frits = frits +iV{2 x sin a[12 r c0 + c0( -5 a'-f 2 £0' e + 3 AT0'/ e ) ] + cos a(c0 e'x/e + 5 c0'x + 2 c0 «')} , (12 a)
where the complex quantity b = b T + i fri solves 6' + i (£</ -a ) fr = -exp (1 a) c0 _3 ' 2 x (e -1 / 2 cos a -i e^2 sin a)
with the boundary conditions 6(L)=6(0 Equations (10), (11), (14) , and (16) [or Eq. (A 31) of Appendix I] may be used to discuss the consequences of the rotational transform being integer (see e. g. 6 ). Finally, we use the result for c2, Eqs. (8), and reduce the expression for the magnetic well, Eq. (6), to the following form:
. a-C° e I e + -H ee )
Co e \ S -(A sin a + d cos a) dZ.
T)I (18)

IV. Stability Criteria
We employ the following stability criteria. The sufficient criterion 7 for a configuration with nonvanishing current density on the magnetic axis reads
This criterion applies to the case of a perfectly conducting wall at the plasma boundary and has been used before to discuss the stability of axially symmetric equilibria 8 -9 . The sufficient criterion for a configuration with vanishing current density on the magnetic axis is
which is less restrictive than inequality (19) and applies without a perfectly conducting wall at the plasma boundary. This criterion is an improvement of earlier sufficient criteria 10 and is derived in Appendix III. The necessary criterion 1 is used in the form 8
Note that the criteria (20) and (21) are such that the second term in the expression for the magnetic well, Eq. (18), cancels with the first term in Equations (22), (23). Also note that the necessary criterion and the sufficient criterion (20) are identical if x = 0, i. e. for a straight magnetic axis. We therefore obtain the result that a straigth equilibrium with /' = r = a = 0 can be stable for e > 2 + (with respect to the necessary criterion this was found before; see 1, 11 ). From Eqs. (16), (17) it is also clear that, for a straigth magnetic axis, S = s = d = A = 0 is a solution of the third-order equations. We conclude that there is no limitation for the plasma-/? of the stable configuration constructed above within the framework of the third-order expansion around the magnetic axis since there are no stagnation points in the flux surfaces in this case.
V. Stagnation Point Discussion and Beta Estimate
It is easy to see that the explicit dependence on a in Eqs. (14), (16), (17) can be removed by introIn the above formulae V, Q, £ are Hamada coordinates. In Appendix II we introduce these coordinates and reduce the criteria. The results may be described in terms of the quantities £c, |s, r]c, rjs, Ze, Zs, which are defined as follows: |c, £s, rjc, r]ü are given by |c = (TI Z0.j) (e 1 / 2 sin a sin K + cos a cos K) , •exp(ia) ,
Sc = Scc cos a + S cs sin a , Ss = Ssc cos a + 5SS sin a . Considering the expressions for the volume Eqs. (A 26), (A 28) at the values a = 0, rr/2 (where the elliptical cross-section aligns its half-axes with the normal and binormal of the magnetic axis), one finds that <5S = A c = S cs = Ssc = 0 is equivalent to the cross-section being symmetric with respect to the osculating plane. There are many physically interesting cases (e, g. axially and helically symmetric, 1 = 2 stellarator, and ( = 0M&S equilibria) where solutions with this property may be found. Since there is no indication that this property is detrimental to equilibrium and stability properties, we restrict our discussion to cases where this symmetry holds:
The results are where dimensionless variables x and y have been introduced:
We now discuss the large aspect ratio properties of Eqs. (13), (16), (17) We briefly mention the additional restriction imposed by taking into consideration one of the sta bility criteria (19) -(21). We restrict our discussion to cases without longitudinal current on the magnetic axis or c0 = const if there is a longitudinal current on the magnetic axis, because, for these cases, the diamagnetic deepening of the magnetic well [the second last term in Eq. (18) We conclude this section with a discussion of the cross-section of the magnetic surfaces given by Eq.
(2) at a -0, Tij2. This will provide bounds for the aspect ratio and the volume V s . For this particular purpose it is convenient to introduce the following transformation (the so-called "rounded coordinate system" 3 ) : 27); to eliminate the arbitrary choices for Sc, Ss and p, the Rvalue has to be optimized with respect to these quantities. Only this optimized /2-value may be considered as a quantity which characterizes a basic property of the configuration which is studied. If one wants to obtain a ß estimate taking into account a stability criterion, an additional inequality resulting from one of the Eqs. (19) -(21) for the quantities Sc, Ss, and p has to be satisfied.
VI. Conclusion
In this paper we have established a consistent procedure to obtain an estimate for equilibrium and stability /^-values in three-dimensional toroidal equilibria. In particular the evaluation of a stability criterion is not sufficient to obtain a /^-estimate. Rather, the stability criteria have to be used as side conditions for the equilibrium y9-estimate which in turn is obtained from a discussion of stagnation points in the third order flux surfaces.
The /^-values obtainable by this procedure are estimates mainly because the stagnation points in the magnetic surfaces may shift if the equilibrium theory is refined (for example, by taking into account fourth order terms or by considering exact equilibria). Our experience with axially symmetric equilibria [9] has been that, if the third order theory predicts a separatrix near to the magnetic axis, the results are only weakly changed by considering exact equilibria.
As an application and an example of a threedimensional configuration we have already treated the 1 = 2 stellarator with circular magnetic axis, without longitudinal current on the magnetic axis, and with uniformly rotating elliptical cross-section. Since rather lengthy calculations and optimizations have to be done to obtain unequivocal results, we reserve the details to a subsequent paper. The important result is that the bounds in the equilibrium and stability /^-values are lower than has commonly been assumed. Irrespective of the parameters describing this type of stellarator, there are upper limits of 0.66% and 0.22% for the necessary and the sufficient stability criterion respectively. These results can be extended in several ways. Including a longitudinal current will close the gap between tokamak results (see, for example 8 ) and the results for the 1 = 2 stellarator. Admitting a helix-like toroidally closed magnetic axis will probably augment the ^-values obtainable (see 2 ). Also, a systematic study of helically symmetric equilibria (see for example 12 ) has still to be made. Toroidal t = 0 equilibria (see, for example 13 ) also deserve a further study which is readily feasible in view of the compact formulae (16), (17).
Probably the most interesting question within the framework of ideal MHD equilibrium and stability will be whether there exist classes of stable equilibria with ^-values sufficiently larger than achievable in axially symmetric devices in order to make three-dimensional toroidal equilibria attractive despite their complexity.
Appendix I
Here we account for the equilibrium calculation leading to the results of Section III. Using the metric given by Eq. (1) We conclude that ci = 2 Co cos cp (A3) from the analyticity of the current density and introduce
where j is the current density on the magnetic axis. We now obtain the developments with respect to Q of Equations (7 a We now obtain c2 from Eq. (A 7) :
(A 18) Equation (A 9) then reduces to j/co = const.
The remaining Eqs. (A 6), (8) , (10), (12) are treated as follows. Using the previous results, we obtain a> in terms of b\, from Eq. (A 6) : and which is obtained from Equation (5). Finally, The equations contain the quantities b 13c and 6I3s , we substitute Eqs. (A 13), (15) , (16) 
We now establish the relationship of the Hamada coordinates V, 0, £ to the geometrical Q, cp, I. 
